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Abstract
A new approach to the algebraic classification of second order symmetric tensors
in 5-dimensional space-times is presented. The possible Segre types for a symmetric
two-tensor are found. A set of canonical forms for each Segre type is obtained. A
theorem which collects together some basic results on the algebraic structure of the
Ricci tensor in 5-dimensional space-times is also stated.
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1 Introduction
In general relativity, it is well known that the curvature tensor can be uniquely decom-
posed into three irreducible parts, namely the Weyl tensor, the traceless Ricci tensor and
the Ricci scalar. Petrov and others [1] – [4] have discussed the algebraic classification of
the Weyl part of the curvature tensor. The Petrov classification as it is known nowadays
has played an important role in the investigation of various issues in general relativity [5].
The algebraic classification of the Ricci part, known as the Segre classification, has
been discussed by several authors [6] and is of great importance in three contexts. One is
in understanding some purely geometrical features of space-times [7] – [10]. The second
one is in classifying and interpreting matter field distributions [11] – [16]. The third is
as part of the procedure for checking whether apparently different space-times are in fact
locally the same up to coordinate transformations (the equivalence problem [17] – [22]).
In a recent article Santos et al. [23] have studied the algebraic classification of sec-
ond order symmetric tensors defined on 5-dimensional (5-D for short) Lorentz manifolds
M , extending previous results for 3-D and 4-D space-times [24] – [26]. Their analysis
is made from first principles, i.e., without using the previous classifications on lower di-
mensional space-times. However, as concerns the classification itself their approach is not
straightforward.
In this work we examine the algebraic structure of second order symmetric tensors
defined on 5-dimensional space-times under different bases. We shall assume the algebraic
classification of the Ricci tensor for 4-D space-times, and then show that the algebraic
classification Santos et al. [23] have studied can be achieved in a considerably simpler
way. Their results are, therefore, recovered under different premises. We also state a fair
number of new results concerning the algebraic structure of the Ricci tensor and collect
them together in a theorem, which generalizes theorems on 4-D space-times [6, 9, 24].
2
2 Prerequisites
In this section we briefly review some important results required for the remainder of
this work. For a detailed account of the notation used throughout this article see [6, 23].
The classification of a second order symmetric real tensor at points on a 5-dimensional
manifold carrying a Lorentz metric of signature (−++++) can be obtained directly from
the analogous classificationin the 4-dimensional case where the results are known [2, 6, 8,
24]. The situation in the latter case can now be summarized in the following theorem in
which t,x,y, z and l,m,x,y denote, respectively, a pseudo-orthonormal and a null tetrad
and in which the only non-vanishing inner products are −tata = xaxa = yaya = zaza = 1
and lam
a = xax
a = yay
a = 1, respectively.
Theorem 2.1 Let (M, g) be a space-time so that M is a 4-dimensional manifold and the
metric g has Lorentz signature ( − + + +). Let p ∈ M and let T be a real symmetric
second order tensor at p. Then (with respect to g) T must take one of the Segre types
{1, 111}, {211}, {31} and {z z¯11} or a degeneracy thereof. The corresponding canonical
forms in some appropriate tetrad are:
(i) for the type {1, 111} either of
Tab = 2α1 l(a mb) + α2 (lalb +mamb) + α3 xaxb + α4 yayb , (2.1)
Tab = (α2 − α1) tatb + (α1 + α2) zazb + α3 xaxb + α4 yayb , (2.2)
(ii) for the type {211}
Tab = 2 β1 l(a mb) ± lalb + β2 xaxb + β3 yayb , (2.3)
(iii) for the type {31}
Tab = 2 γ1 l(a mb) + 2 l(a xb) + γ1 xaxb + γ2 yayb , (2.4)
(iv) finally for the type {z z¯11}
Tab = 2 δ1 l(a mb) + δ2 (lalb −mamb) + δ3 xaxb + δ4 yayb , (2.5)
where α1, α2, · · · , δ4 ∈ R and δ2 6= 0.
3
3 The Algebraic Classification
Now suppose M is a 5-dimensional manifold carrying a Lorentz metric g and, with
p ∈ M , let T be a real second order, symmetric tensor at p with components T ab in some
basis of the tangent space TpM to M at p. First note that any non-trivial proper subspace
of TpM may be classified into one of the three types, spacelike, null and timelike according
as it contains no null directions, a unique null direction or more than one null direction,
respectively. Further, the (g)-orthogonal complement of a spacelike (timelike) subspace is
timelike (spacelike). Next, if the tensor T , when regarded as a linear transformation from
TpM to itself with matrix T
a
b, admits a non-null invariant subspace V of TpM then the
orthogonal complement of V is also an invariant subspace of T as is easily checked (see [6]
for the case when (M, g) is a space-time). Now the tensor T must admit an invariant
2-dimensional subspace. To see this note that if all the eigenvalues of T are real then the
first two members (in the conventional numbering) of a canonical Jordan basis span such
a subspace whilst if T admits a complex eigenvalue the real and imaginary parts of any
corresponding complex eigenvector span an invariant subspace for T .
Lemma 3.1 In the above notation T must admit a spacelike eigenvector.
Proof Suppose first that T has a complex eigenvalue λ = a + ib (a, b ∈ R , b 6= 0) and
corresponding complex eigenvectors k = r+ i s (r, s ∈ TpM , s 6= 0). Then
Tab (r
b + isb) = (a+ ib)(ra + isa) . (3.1)
By replacing k with zk (z ∈ C), if necessary, one can arrange that sar
a = 0. On con-
tracting the real part of (3.1) with sa and the imaginary part with ra one sees that
rar
a + sas
a = 0. Now r and s cannot both be null for then they would be parallel and
(3.1) would give b = 0. Hence one of r and s is timelike and the other spacelike and so the
invariant subspace they span is timelike. The orthogonal complement of this subspace is
thus spacelike and the restriction of T to it is a standard self adjoint Euclidean action and
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is diagonalisable. It follows that T has a spacelike eigenvector lying in this orthogonal
complement.
Now suppose T has only real eigenvalues. If T admits a spacelike invariant 2-
dimensional subspace the above argument applies, whilst if T admits a timelike invariant
2-dimensional subspace the above argument applies to its (invariant) orthogonal comple-
ment. So suppose that T admits only null invariant 2-dimensional subspaces. The unique
null direction in each such null invariant subspace is, in fact, an eigendirection of T (see [6]
for a proof in the 4-dimensional space-time case). Let k1 be such a null eigendirection
of T with eigenvalue µ1 ∈ R. If T admits any other (independent) eigenvector k2 with
eigenvalue µ2 then k2 and µ2 are real since, by assumption, T admits only real eigenval-
ues. But then either µ1 = µ2 (in which case the subspace of TpM spanned by k1 and k2
consists entirely of eigenvectors and must contain a spacelike member) or else µ1 6= µ2, in
which case k1 and k2 are orthogonal (since T is symmetric) and so k2 is spacelike, since
k1 is null.
Thus the only remaining possibility is when T has the single (independent) eigenvector
k1 which is real and null. The Segre type for T is then {5} and its Jordan form in some
(Jordan) basis at p is
T ab =


µ1 1 0 0 0
0 µ1 1 0 0
0 0 µ1 1 0
0 0 0 µ1 1
0 0 0 0 µ1


.
The condition that gacT
c
b is symmetric is then easily shown to imply that g12 = g22 = 0
at p. Thus the first two (column) vectors in the Jordan basis are null and orthogonal at
p, contradicting the Lorentz signature of g, and so this case cannot occur. This completes
the proof.
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Theorem 3.1 Let M be a 5-dimensional manifold admitting a Lorentz metric g with
signature (− + + + +). Let p ∈ M and let Tab be a real symmetric second order tensor
at p. Then (with respect to g) T must take one of the Segre types {1, 1111}, {2111},
{311} and {z z¯111} or a degeneracy thereof. The corresponding canonical forms in some
appropriate pentad (either orthonormal t,x,y, z,w or null l,m,x,y,w in which the only
non-vanishing inner products are, respectively, −tata = xaxa = yaya = zaza = wawa = 1
and lam
a = xax
a = yay
a = waw
a = 1) at p are:
(i) for the type {1, 1111} either of
Tab = 2α1 l(a mb) + α2 (lalb +mamb) + α3 xaxb + α4 yayb + α5wawb , (3.2)
Tab = (α2 − α1) tatb + (α1 + α2) zazb ,+α3 xaxb + α4 yayb + α5wawb , (3.3)
(ii) for the type {2111}
Tab = 2 β1 l(a mb) ± lalb + β2 xaxb + β3 yayb + β4wawb , (3.4)
(iii) for the type {311}
Tab = 2 γ1 l(amb) + 2 l(a xb) + γ1 xaxb + γ2 yayb + γ3wawb , (3.5)
(iv) finally for the type {z z¯111}
Tab = 2 δ1 l(amb) + δ2 (lalb −mamb) + δ3 xaxb + δ4 yayb + δ5wawb , (3.6)
where α1, α2, · · · , δ5 ∈ R and δ2 6= 0.
Proof By the lemma T admits a spacelike eigenvector, say w at p scaled so that
waw
a = 1. The orthogonal complement of w in TpM is a 4-dimensional subspace V of
TpM which is timelike (i.e. it admits the restriction of g(p) as a Lorentz metric) and
invariant under T and so T has a self adjoint action on V . So the restriction of T to
V is controlled by the previous theorem and, accordingly, some appropriate tetrad may
be chosen in V to achieve one of the canonical forms (2.1) – (2.5) for this restriction.
Appending the vector w to these tetrads yields pentads in which T takes the canonical
forms (3.2) – (3.6).
6
4 Further Results and Concluding Remarks
In this section we shall present some results concerning the algebraic structure of a
second order symmetric tensor T defined on a 5-dimensional Lorentz manifold M , which
generalizes theorems on 4-dimensional space-times [6, 8, 9, 24] and which can be collected
in the following theorem:
Theorem 4.1 Let M be a real 5-dimensional manifold endowed with a Lorentz metric g
of signature ( − + + + + ). Let T be a real second order symmetric tensor defined at a
point p ∈ M . Then
(i) T has a timelike eigenvector if and only if it is diagonalizable over R (type {1,1111}).
(ii) T has at least three real orthogonal independent eigenvectors, two of which (at least)
are spacelike.
(iii) T has all eigenvalues real and is not diagonalizable if and only if it has an unique
null eigendirection.
(iv) If T has two linearly independent null eigenvectors then it is diagonalizable over R
(type {1,1111}).
(v) There always exists a 2-D spacelike subspace of TpM invariant under T .
(vi) If a non-null subspace of TpM is invariant under T , then so is its orthogonal com-
plement.
(vii) There always exists a 3-D timelike subspace of TpM invariant under T .
(viii) If T admits a null invariant subspace N of any dimension n (=2, 3, or 4) then it
admits one of each dimension 2, 3 and 4, and this occurs if and only if T admits a
null eigenvector (which necessarily lies in any such N admitted).
The proofs can be gathered essentially by inspection of the canonical forms (3.2) –
(3.6) and are not presented here for the sake of brevity (for proofs of similar theorems in
4-dimensional space-times see [6]).
To conclude, we remark that by a similar procedure to that used in the lemma 3.1 one
can show that a symmetric two-tensor T defined on an n-dimensional (n ≥ 4) Lorentz
space has at least one real spacelike eigenvector. The existence of this eigenvector can be
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used to reduce, by induction, the classification of symmetric two-tensors on n-dimensional
(n ≥ 4) spaces to the classification on 4-dimensional spaces, thus recovering in a simpler
way the results of [27].
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